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We look at the dynamics of continuous self-maps of compact metric spaces possessing the
pseudo-orbit tracing property (i.e., the shadowing property). Among other things we prove
the following: (i) the set of minimal points is dense in the non-wandering set Ω( f ), (ii) if
f has either a non-minimal recurrent point or a sensitive minimal subsystem, then f has
positive topological entropy, (iii) if X is inﬁnite and f is transitive, then f is either an
odometer or a syndetically sensitive non-minimal map with positive topological entropy,
(iv) if f has zero topological entropy, then Ω( f ) is totally disconnected and f restricted to
Ω( f ) is an equicontinuous homeomorphism.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The pseudo-orbit tracing property (POTP), introduced initially by the works of Anosov and Bowen, is an important con-
cept in the study of differentiable dynamics, see [7,25] for instance. However, we consider here a purely topological setting,
one without the comfort of a differential structure, and discuss the implications of POTP for continuous self-maps of com-
pact metric spaces.
In [8], the authors proved that if X is a compact connected metric space and f : X → X is a continuous map having POTP
and possessing a dense set of periodic points, then f is mixing and has positive topological entropy. Our aim is to improve
these results in various ways, especially by removing or weakening the rather restrictive assumptions of connectedness of
the space and density of periodic points, and also to get some information about the effect of POTP within the class of
zero-entropy maps.
Our main ﬁndings are summarized as follows. POTP induces some regularity in the dynamics in the sense that the set
of minimal points becomes dense in the non-wandering set (Corollary 1). POTP serves as an equalizer of various stronger
forms of transitivity, forcing total transitivity to coincide with mixing, and the non-wandering property on connected spaces
to coincide with mixing (Theorem 2). This is essentially a consequence of the fact that if f is chain transitive but not
chain mixing, then f has a non-trivial periodic factor [1], but we also give a direct elementary proof. We will see that in
many cases, POTP implies positive topological entropy: if f has either a non-minimal recurrent point or a sensitive minimal
subsystem, then f has positive topological entropy (Corollary 4). If X is inﬁnite and f transitive, we can say more: either f
is an odometer or f is a syndetically sensitive non-minimal map with positive topological entropy (Theorem 6). We also get
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T.K.S. Moothathu / Topology and its Applications 158 (2011) 2232–2239 2233some idea about the behavior of zero-entropy maps having POTP: for such a map f , the non-wandering set Ω( f ) is totally
disconnected and f restricted to Ω( f ) is an equicontinuous homeomorphism (Corollary 6).
2. Preliminaries
We collect necessary deﬁnitions and some known results in this section.
By a dynamical system we mean a pair (X, f ) where (X,d) is a compact metric space and f : X → X is a continuous
map. The f -orbit {x, f (x), f 2(x), . . .} of a point x ∈ X is denoted by O f (x). The ω-limit set ω( f , x) of a point x ∈ X is the
set of limit points of O f (x). For x ∈ X and U , V ⊂ X , let
N f (x,U ) =
{
n ∈N: f nx ∈ U} and N f (U , V ) = {n ∈N: U ∩ f −n(V ) = ∅}. (1)
An inﬁnite subset A ⊂ N with bounded gaps is said to be syndetic; and A ⊂ N is thick if A intersects every syndetic
subset of N. We say a point x ∈ X is periodic if f n(x) = x for some n ∈N, recurrent if N f (x,U ) = ∅ for any neighborhood U
of x, minimal (or almost periodic) if N f (x,U ) is syndetic for any neighborhood U of x, and non-wandering if N f (U ,U ) = ∅
for any neighborhood U of x. Let P ( f ),M( f ), R( f ) and Ω( f ) denote respectively the sets of periodic, minimal, recurrent,
and non-wandering points of f . We have P ( f ) ⊂ M( f ) ⊂ R( f ) ⊂ Ω( f ); Ω( f ) is closed; and R( f ) = X when Ω( f ) = X
(see [1,22]). A closed set K ⊂ X is a minimal set for f if K = O f (x) for some x ∈ M( f ). It is not diﬃcult to see that K is
minimal iff K = O f (x) for every x ∈ K iff K has no proper nonempty f -invariant closed subset. We say (X, f ) is a minimal
system or f is a minimal map if X is a minimal set for f . In any system, M( f ) = M( f k) for every k ∈ N. One inclusion is
clear. To see M( f ) ⊂ M( f k), consider an f -minimal set A ⊂ X and an f k-minimal set B ⊂ A (they exist by an application
of Zorn’s lemma); note that each f i(B) is f k-minimal and prove A =⋃k−1i=0 f i(B).
We say f is non-wandering if N f (U ,U ) = ∅ for every nonempty open set U ⊂ X (equivalently if Ω( f ) = X ), transitive
if N f (U , V ) = ∅ for any two nonempty open sets U , V ⊂ X , syndetically transitive if N f (U , V ) is syndetic for any two
nonempty open sets U , V ⊂ X , totally transitive if f k is transitive for every k ∈ N, weakly mixing if f × f : X2 → X2 is
transitive (equivalently if N f (U , V ) is thick for any two nonempty open sets U , V ⊂ X [14]), and mixing if N f (U , V ) is
coﬁnite in N for any two nonempty open sets U , V ⊂ X . We have mixing ⇒ weak mixing ⇒ totally transitive ⇒ transitive
⇒ non-wandering. Moreover, when f is transitive, any ﬁnite product f ×k := f × · · · × f︸ ︷︷ ︸
k-times
is non-wandering.
A point x ∈ X is a sensitive point if there is  > 0 with the property that for any neighborhood U of x, we have
diam[ f n(U )] >  for some n ∈ N. Let Sen( f ) denote the set of sensitive points of f . We say f is sensitive if Sen( f ) = X
and if there is a uniform  > 0 that works for all x. By the compactness of X , we see that Sen( f ) = ∅ iff for any  > 0
there is δ > 0 such that d( f n(a), f n(b)) <  for every n ∈ N whenever a,b ∈ X are points with d(a,b) < δ. If this latter
condition holds, we say f is equicontinuous. Thus, Sen( f ) = ∅ iff f is not equicontinuous. If x /∈ Sen( f ), then we say f
is equicontinuous at x, or x is an equicontinuity point for f . A stronger version of sensitivity was considered in [22].
A dynamical system (X, f ) is syndetically sensitive if there is  > 0 such that for any nonempty open set U ⊂ X , the set
{n ∈N: diam[ f n(U )] > } is syndetic.
The asymptotic and proximal relations, Asy( f ) and Prox( f ), on X are deﬁned respectively as (x, y) ∈ Asy( f ) iff
limn→∞ d( f n(x), f n(y)) = 0 and (x, y) ∈ Prox( f ) iff lim infn→∞ d( f n(x), f n(y)) = 0, for x, y ∈ X . We say f is distal if
Prox( f ) = {(x, x): x ∈ X}, almost distal if Prox( f ) = Asy( f ), semi-distal if R( f × f ) ∩ [Prox( f ) \ Asy( f )] = ∅, and Li–Yorke
chaotic if there is an uncountable set S ⊂ X such that (x, y) ∈ Prox( f ) \ Asy( f ) for any two distinct points x, y ∈ S .
A dynamical system (Y , g) is a factor of another dynamical system (X, f ) if there is a continuous surjection h : X → Y
such that h ◦ f = g ◦h. Here h is called a factor map. If h is also a homeomorphism, we say (X, f ) and (Y , g) are conjugate.
We brieﬂy describe an odometer (also called an adding machine). Let s = (s j)∞j=1 be a strictly increasing sequence of posi-
tive integers such that s1  2 and s j divides s j+1. Let X( j) = {0,1, . . . , s j −1} and Xs = {x ∈∏∞j=1 X( j): x j+1 ≡ x j (mod s j)}.
Then Xs is a Cantor space with respect to the subspace topology (where
∏∞
j=1 X( j) has the product topology). Let
f : Xs → Xs be the map (x j) → (y j), where y j = x j +1 (mod s j). Then we say the dynamical system (Xs, f ) is an odometer
deﬁned by the sequence s = (s j). Note that f is an invertible isometry with respect to a suitable metric on Xs , and in par-
ticular f is equicontinuous. It may also be seen that (Xs, f ) is minimal but not totally transitive. Minimal equicontinuous
maps of Cantor spaces are conjugate to odometers [2]. See the survey [13] for more details about odometers.
For δ > 0, a δ-pseudo orbit in (X, f ) is a ﬁnite or inﬁnite sequence of points (xn)
p
n=0, p ∈ N ∪ {∞}, such that
d(xn+1, f (xn)) < δ for every n < p. We say a δ-pseudo orbit (xn)pn=0 is -traced by a point y ∈ X if d(xn, f n(y)) <  for
every n < p. And f is said to have the pseudo-orbit tracing property (POTP) if for every  > 0 there is δ > 0 such that
every inﬁnite δ-pseudo orbit (xn)∞n=0 in (X, f ) is -traced by some point in X . By the compactness of X , f has POTP iff for
every  > 0 there is δ > 0 such that every ﬁnite δ-pseudo orbit (xn)
p
n=0 (p ∈N) in (X, f ) is -traced by some point in X . If
f : X → X and g : Y → Y have POTP, then f × g : X × Y → X × Y has POTP, and in particular f ×k : Xk → Xk has POTP for
every k ∈N (see Section 2.3 of [7] for these facts).
Points x, y ∈ X are chain related if for every δ > 0, there are ﬁnite δ-pseudo orbits from x to y and from y to x. We say
x ∈ X is a chain recurrent point for f (notation: x ∈ CR( f )) if x is chain related to x. The map f is chain recurrent if every
x ∈ X is a chain recurrent point for f , i.e., if CR( f ) = X , chain transitive if any two points of X are chain related, and chain
2234 T.K.S. Moothathu / Topology and its Applications 158 (2011) 2232–2239mixing if for every x, y ∈ X and δ > 0, there is n0 ∈N with the property that for any n n0, there are ﬁnite δ-pseudo orbits
of length n from x to y. It is easy to see that when f has POTP, we have CR( f ) = Ω( f ), chain transitivity coincides with
transitivity, and chain mixing coincides with mixing. Following [2], f is said to be chain continuous at x ∈ X if for every
 > 0 there is δ > 0 such that whenever y0, y1, . . . is an inﬁnite δ-pseudo orbit with d(x, y0) < δ, we have d( f n(x), yn) < 
for every n ∈N. If f is chain continuous at x, then clearly f is equicontinuous at x; the converse holds when f has POTP [2].
Let us recall Bowen’s deﬁnition of topological entropy on a closed set. Let K ⊂ X be a nonempty closed set. For n ∈ N
and  > 0, a subset A ⊂ K is said to be (K ,n, )-separated for f if for each pair a,b of distinct points in A, there is
k ∈ {0,1, . . . ,n − 1} such that d( f k(a), f k(b)) >  . Let s( f , K ,n, ) denote the maximal cardinality of a (K ,n, )-separated
set for f contained in K . Evidently s( f , K ,n, ) is ﬁnite since X is compact. The topological entropy of f on K is deﬁned
as the number









The topological entropy of f is deﬁned as h( f ) = h( f , X). To understand where the entropy is concentrated, various types
of entropy points were introduced in [28]. We consider the weakest of them here. Say x ∈ X is an entropy point for f
if h( f ,U ) > 0 for any neighborhood U of x. Let Ent( f ) denote the set of entropy points of f . Then, Ent( f ) is a closed
f -invariant set, and Ent( f ) = ∅ iff h( f ) > 0.
The following known facts about a dynamical system (X, f ) will be used in the sequel. Some convenient references
where these results can be found are also indicated.
Fact-1: If X is inﬁnite and f is weakly mixing, then f is sensitive, Prox( f ) is a dense Gδ in X2, Asy( f ) is of ﬁrst category
in X2, f is Li–Yorke chaotic and Li–Yorke sensitive (see [5] for the deﬁnition) [5,16,17,23].
Fact-2: If f is transitive, then the set of equicontinuity points either is empty (and f is sensitive) or coincides with the
set of points having dense orbit; consequently, a transitive equicontinuous system is minimal, and a minimal system is
either sensitive or equicontinuous [3,9]. If f is a transitive non-minimal map with a dense set of minimal points, then
f is sensitive [15] (see also [3,22]).
Fact-3: For each x ∈ X , there is y ∈ M( f ) such that (x, y) ∈ Prox( f ) (cf. [5]). If f is surjective and h( f ) > 0, then there exists
(x, y) ∈ Asy( f ) with x = y [11]. Consequently, if f is distal, then M( f ) = X and h( f ) = 0. In fact, h( f ) = 0 if f is almost
distal, and a transitive almost distal system is minimal [10].
Fact-4: If f is surjective and equicontinuous, then f is a homeomorphism and f −1 is equicontinuous (cf. [4]). Hence f is
an isometry with respect to the compatible metric d′ given by d′(x, y) = supn∈Z d( f n(x), f n(y)). In particular, f is distal
and h( f ) = 0.
Remark. As already noted, we have CR( f ) = Ω( f ) in the presence of POTP, and so we will use Ω( f ) instead of CR( f ) in
the hypothesis of our results. In particular, in those results where we assume f is non-wandering, the reader should note
that we may as well start with the weaker assumption that f is chain recurrent.
3. POTP gives minimal points
We show that POTP forces the existence a dense set of minimal points in the non-wandering set, and also ensures that
the set of return times N f (U ,U ) has a certain regularity for any nonempty open set intersecting the non-wandering set.
The proof of the following is an extension of an idea that appears in [6,7].
Theorem 1. Let X be a compact metric space and let f : X → X be a continuous map having POTP. If x ∈ Ω( f ), then for every
neighborhood U of x, there are k ∈N and y ∈ U ∩ M( f ) such that f kn(y) ∈ U for every n ∈N. In particular, kN⊂ N f (U ,U ).
Proof. Let  > 0 be with B(x,2) ⊂ U , and choose δ ∈ (0, ) so that every δ-pseudo orbit can be -traced. Since x ∈ Ω( f ),
there is z ∈ B(x, δ/2) ∩ f −k(B(x, δ/2)) for some k ∈ N. If we write Z = [z, f (z), . . . , f k−1(z)], then Z Z Z · · · is an inﬁnite
δ-pseudo orbit for f . Let b ∈ X be a point -tracing this. Then we have d(z, f kn(b)) <  for every n  0, in particular. Let
y ∈ O f k (b) be a minimal point for f k (existence is by Zorn’s lemma). Then y ∈ M( f ). Also, d(z, f kn(y))  and therefore
d(x, f kn(y)) d(x, z) + d(z, f kn(y)) δ +  < 2 so that f kn(y) ∈ U for every n 0. 
Corollary 1. Let (X, f ) be a dynamical system having POTP. Then, we have the following.
(i) Ω( f ) = M( f ); in particular, f |Ω( f ) : Ω( f ) → Ω( f ) is non-wandering (and hence surjective).
(ii) M( f ×k) is dense in Ω( f )k for every k ∈N. In particular, if f is non-wandering, then M( f ×k) is dense in Xk for every k ∈N.
(iii) R( f × f ) \ Prox( f ) is dense in Ω( f )2 \ {(x, x): x ∈ Ω( f )}.
(iv) If f is non-wandering and sensitive, then f is syndetically sensitive.
(v) Suppose f is transitive. Then f is syndetically transitive, and moreover, f is either syndetically sensitive or equicontinuous.
(vi) If f is minimal and totally transitive, then X is a singleton.
T.K.S. Moothathu / Topology and its Applications 158 (2011) 2232–2239 2235Proof. (i) is clear. To get (ii), use the result [4] that density of minimal points is preserved under ﬁnite products. If (x, y) ∈
M( f × f ) ∩ Prox( f ), then it is easy to see that x = y (since any syndetic set should intersect any thick set), and so (iii) is
just a consequence of (ii). When the minimal points are dense, any sensitive system is syndetically sensitive [22], and any
transitive system is syndetically transitive. This gives (iv) and the ﬁrst assertion of (v). The rest of (v) follows from Fact-2
and part (iv) by the density of minimal points.
Now we prove (vi). Suppose a,b ∈ X are distinct and let 0<  < d(a,b)/2. By Theorem 1, there are k ∈N and y ∈ M( f k)
such that f kn(y) ∈ B(a, ) for every n  0. Hence b /∈ O f k (y) and consequently f k is not minimal. Since f k is transitive,
there exists z ∈ X with O f k (z) = X . As f k is non-minimal, z /∈ M( f k) = M( f ). Thus, f is non-minimal, a contradiction. 
Remark. (a) Since minimal maps on compact connected spaces are totally transitive, they do not have POTP except in the
trivial case where the space X is a singleton. (b) We will improve statement (v) of Corollary 1 later in Theorem 6.
4. POTP as an equalizer
We note here that some stronger versions of transitivity may coincide in the presence of POTP. Moreover, if the space is
connected, then the non-wandering property becomes equivalent to mixing.
Theorem 2. Let (X, f ) be a dynamical system having POTP.
(i) If f is totally transitive, then f is mixing.
(ii) If X is connected and f is non-wandering, then f is mixing.
Proof. (i) If f is not mixing, then f is not chain mixing because of POTP. Therefore, by Exercise 22 in Chapter 8 of [1],
(X, f ) has a non-trivial periodic factor, and this prevents f from being totally transitive, a contradiction.
Since the solution of Exercise 22 mentioned above is slightly non-trivial, we also give a direct elementary argument
for (i). First we check that f is weakly mixing. Let U , V ⊂ X be two arbitrary nonempty open sets. By Theorem 1, there
is k ∈ N such that kN ⊂ N f (U ,U ). And kN ∩ N f (U , V ) = ∅ since f k is transitive. Thus N f (U ,U ) ∩ N f (U , V ) = ∅. It is not
diﬃcult to see that this implies f is weakly mixing. Now we verify that f is mixing. Again, let U , V ⊂ X be nonempty
open sets. Let a,b ∈ X ,  > 0 be such that B(a, ) ⊂ U , B(b, ) ⊂ V . By POTP, choose δ ∈ (0, ) so that every δ-pseudo orbit
can be -traced. Write X = ⋃ki=1 Wi , where each Wi is a nonempty open set with diam[Wi] < δ. We may assume that
b ∈ Wk . Since f is weakly mixing, f ×k is transitive [14], and so there exist p ∈N and points zi ∈ Wi ∩ f −p(Wk), 1 i  k.
We claim that p + N ⊂ N f (U , V ). If j ∈ N, then f j(a) ∈ Wi for some i ∈ {1, . . . ,k}. Since d( f j(a), zi)  diam[Wi] < δ and
d( f p(zi),b)  diam[Wk] < δ, we have that a, f (a), . . . , f j−1(a), zi, f (zi), . . . , f p−1(zi),b is a δ-pseudo orbit consisting of
j+ p+1 elements. If x ∈ X is a point -tracing this, then d(a, x) <  and d(b, f j+p(x)) <  so that x ∈ U ∩ f −( j+p)(V ). Since
j ∈N is arbitrary, the claim holds.
(ii) Because of part (i), it suﬃces to show that f is weakly mixing. Now, f × f has POTP. Also, f × f is non-wandering
since M( f × f ) is dense in X2 by Corollary 1. Therefore, replacing f × f by f , it suﬃces to show that f is transitive. Since
f has POTP, we just have to show f is chain transitive. Let x, y ∈ X and δ > 0. Since X is connected, there exist ﬁnitely
many points z1, z2, . . . , zk+1 ∈ X such that z1 = x, zk+1 = y and d(zi, zi+1) < δ/2 for 1  i  k. Since zi ∈ Ω( f ), there is a
ﬁnite δ/2-pseudo orbit, say Zi , from zi to itself. Then Z1 Z2 · · · Zk y is a δ-pseudo orbit from x to y, and thus f is chain
transitive, completing the proof. 
Remark. Let X be a compact connected metric space and let f : X → X be a continuous map having POTP. If f has
an invariant Borel probability measure of full support, then f is non-wandering by Poincaré’s recurrence theorem (Theo-
rem 11.2.2 of [7]), and therefore f is mixing by Theorem 2. A special case is worth noting: if f is a continuous surjective
group homomorphism of a compact metrizable group, then f preserves the normalized Haar measure.
Corollary 2. Let X be an inﬁnite compact connected metric space and let f : X → X be a continuous non-wandering map having
POTP. Then:
(i) f is syndetically sensitive (in fact, coﬁnitely sensitive) and Li–Yorke sensitive.
(ii) Prox( f ) is a dense Gδ subset of X2 .
(iii) Asy( f ) is a set of ﬁrst category in X2 .
(iv) f is Li–Yorke chaotic.
(v) f cannot be semi-distal.
Proof. By Theorem 2, f is mixing. This gives (i)–(iv) (see Fact-1). We deduce (v) as follows. By (ii) and (iii), Prox( f ) \Asy( f )
is a residual subset of X2. Also, R( f × f ) is a dense Gδ subset of X2 since f is weakly mixing. Hence R( f × f )∩ [Prox( f ) \
Asy( f )] = ∅. 
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our proof is purely topological whereas the proof in [6] (which is different from ours) uses the existence of invariant
measure, etc.
Remark. We point out two examples to say that in general we cannot replace total transitivity with transitivity in part (i)
of Theorem 2, even if X is inﬁnite (ﬁnite periodic cycles are trivial counter-examples with X ﬁnite). (a) Any odometer is a
minimal equicontinuous map of the Cantor space and hence has POTP by Theorem 4 (see also [19]), but odometers are not
weakly mixing. (b) Let g be a hyperbolic toral automorphism. Then g has POTP (Theorem 2.3.16 of [7]), g is mixing and P (g)
is dense (so g is non-minimal). If h : {0,1} → {0,1} is h(0) = 1, h(1) = 0 and f = g × h, then f is transitive, P ( f ) is dense
and f has POTP. But f 2 is not transitive and thus f is not mixing. However, Corollary 3 below identiﬁes a special situation
where we get mixing from transitivity.
Corollary 3. Let X be an inﬁnite compact metrizable group and f : X → X be a continuous group homomorphism. If f is transitive
and has POTP, then f is mixing. In particular, all the ﬁve conclusions of Corollary 2 hold for f .
Proof. We have f is syndetically transitive by Corollary 1. Hence f is weakly mixing by [24], and therefore mixing by
Theorem 2. 
5. POTP implies positive entropy
We show that in many cases POTP implies positive topological entropy for non-equicontinuous maps. It is known that
positive topological entropy always implies Li–Yorke chaos [10].
Theorem 3. Let X be a compact metric space and f : X → X be a continuous map having POTP. Let Y ⊂ X be an f -invariant closed
set, let g = f |Y , and consider (Y , g). If there is z ∈ Sen(g) with (z, z) ∈ int[R(g × g)] (where the closure and interior are taken in Y 2),
then z ∈ Ent( f ) and hence h( f ) > 0.
Proof. Let U be a neighborhood of z in X . We have to show that h( f ,U ) > 0. Choose  > 0 with B(z,2) ⊂ U . Since
z ∈ Sen(g), by taking  small enough we may also assume that for any neighborhood V of z in X , there exists k ∈ N with
diam[gk(V ∩ Y )] > 3 . Using POTP of f , choose δ ∈ (0, ) so that every δ-pseudo orbit in X is -traced by some point
from X . Let V be a neighborhood of z in X with (V ∩ Y ) × (V ∩ Y ) ⊂ int[R(g × g)] and diam[V ] < δ/2. Then, there exist
k ∈ N and (a,b) ∈ R(g × g) ∩ (V × V ) such that d(gk(a), gk(b)) > 3 . Since (a,b) ∈ R(g × g), there is an integer p > k with
d(a, gp(a)) < δ/2 and d(b, gp(b)) < δ/2.
We claim that h( f ,U ) (log2)/p. Observe that in order to establish this claim, it suﬃces to show that s( f ,U ,np, β) 2n
for every β ∈ (0, ) and every n ∈N, where s( f ,U ,np, β) is the maximum cardinality of a (U ,np, β)-separated set for f .
Let A = [a, f (a), . . . , f p−1(a)], B = [b, f (b), . . . , f p−1(b)], and keep in mind that there is k < p with d( f k(a), f k(b)) > 3 .
Since each of the distances d(a,b), d(a, f p−1(a)), d(b, f p−1(b)) is < δ/2, we have that for any n ∈N and any C = C1 · · ·Cn ∈
{A, B}n , C is a δ-pseudo orbit for f consisting of np elements. For C ∈ {A, B}n , let xC ∈ X be a point -tracing the δ-pseudo
orbit C . If y ∈ {a,b} ⊂ V is the starting element of C , then d(z, xC )  d(z, y) + d(y, xC ) < δ +  < 2 so that xC ∈ U . If
C, D ∈ {A, B}n are distinct, then for some j ∈ {0,1,2, . . . ,np − 1}, the jth elements from X of the pseudo-orbits C and
D are more than 3 apart. Therefore, by triangle inequality d( f j(xC ), f j(xD)) >  for some j ∈ {0,1,2, . . . ,np − 1}. This
means that the set {xC : C ∈ {A, B}n} is (U ,np, )-separated and hence (U ,np, β)-separated for f for any β ∈ (0, ). Since
|{xC : C ∈ {A, B}n}| = 2n , our proof is complete. 
Corollary 4. Let X be a compact metric space and f : X → X be a continuous map having POTP. If there is z ∈ X belonging to either
R( f ) \ M( f ) or a minimal non-equicontinuous subsystem of f , then h( f ) > 0.
Proof. Let z ∈ R( f ) \ M( f ), let Y = O f (z), and let g = f |Y . Then, g is transitive and non-minimal, and hence Sen(g) = ∅
by Fact-2. Also, the transitivity of g implies that g × g is non-wandering and hence R(g × g) = Y 2. Similarly, if f has a
minimal non-equicontinuous subsystem (Y , g = f |Y ) and z ∈ Y , then z ∈ Sen(g) (in fact, g is sensitive) and R(g × g) = Y 2.
Thus Theorem 3 is applicable in both cases. 
Corollary 5. Let X be an inﬁnite compact metric space and f : X → X be a non-wandering map having POTP. Then, we have the
following.
(i) Sen( f ) ⊂ Ent( f ). Hence, h( f ) > 0 when f is non-equicontinuous, and Ent( f ) = X when f is sensitive.
(ii) If X is connected, then Ent( f ) = X and in particular h( f ) > 0.
Proof. Since f is non-wandering and has POTP, M( f × f ) = X2 by Corollary 1. Hence (i) follows from Theorem 3. And (ii)
follows from (i) since by Theorem 2, f is mixing and hence sensitive. 
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to observe in contrast that certain other notions of complexity of a dynamical system are not suﬃcient to ensure positive
topological entropy. On the Cantor space, there exists a mixing, zero-entropy map with P ( f ) dense [27]. (b) If X is inﬁnite
and f is a non-equicontinuous transitive map having POTP, then f is sensitive by Corollary 1, and then Ent( f ) = X by
Corollary 5. We may ask the following.
Question. If X is a compact metric space and f : X → X is a transitive map with h( f ) > 0, is it true that Ent( f ) = X?
For minimal maps, the answer is clearly positive since Ent( f ) is an f -invariant closed set. For transitive maps with POTP,
the answer is positive as indicated above. However, we do not know the answer in the general case.
6. POTP and zero-entropy maps
In this section we try to understand the structure of zero-entropy maps having POTP. We know that distal maps and
equicontinuous maps have zero entropy. In [7] (Theorem 2.3.2), it is proved that the identity map of a compact metric space
X has POTP iff X is totally disconnected. Generalizing this, we show:
Theorem 4. Let X be a compact metric space and f : X → X be an equicontinuous surjection. Then f has POTP iff X is totally
disconnected.
Proof. First assume f has POTP. Then f is chain continuous, and therefore X is totally disconnected by [2]. Conversely
assume that X is totally disconnected. Since f is an equicontinuous surjection, there is a compatible metric d with respect
to which f is an isometry (Fact-4). Given  > 0, write X =⋃ki=1 Ai , a ﬁnite disjoint union of clopen sets with diam[Ai] < 
for each i. Choose δ ∈ (0, ) such that for each pair a,b ∈ X with d(a,b) < δ, there is i such that a,b ∈ Ai . We claim that any
δ-pseudo orbit is -traced by the starting point. Let (xn)∞n=0 be a δ-pseudo orbit and ﬁx n 0. Since d( f (xn), xn+1) < δ, there
is i such that f (xn), xn+1 ∈ Ai . Since d( f 2(xn−1), f (xn)) = d( f (xn−1), xn) < δ and since f (xn) ∈ Ai , we have f 2(xn−1) ∈ Ai .
Going backward inductively, we get f n+1(x0) ∈ Ai . Thus d( f n+1(x0), xn+1) diam[Ai] <  . Since n is arbitrary, it follows that
(xn)∞n=0 is -traced by x0. 
Remark. On any compact metric space, every constant map is equicontinuous and has POTP. Therefore, the assumption of
surjectivity cannot be removed from the above theorem.
Minimal maps having POTP on inﬁnite compact metric spaces are uniformly conjugate to odometers [21]. A result from
[26] implies that zero-entropy transitive maps having POTP must be minimal and equicontinuous. Supplementing these, we
have the following characterization.
Theorem5. Let X be an inﬁnite compactmetric space and f : X → X be continuous. Then, the following two statements are equivalent.
(i) f is non-wandering, h( f ) = 0 and f has POTP.
(ii) f is an equicontinuous homeomorphism and X is totally disconnected.
Moreover, when f is transitive, (i) above is equivalent to each of the following:
(iii) f is almost distal and has POTP.
(iv) f is distal and has POTP.
(v) f is a minimal equicontinuous map of the Cantor space.
Proof. We have (i) ⇒ (ii) by Corollary 5, Theorem 4 and Fact-4; and (ii) ⇒ (i) by Fact-4 and Theorem 4. Now assume f is
transitive. Clearly (v) ⇒ (iv) ⇒ (iii), and (iii) ⇒ (i) by Fact-3. It remains to show (ii) ⇒ (v) since (i) ⇒ (ii). Every transitive
equicontinuous map is minimal by Fact-2. Also X cannot have isolated points since X is inﬁnite and f is transitive. It is
well known that every totally disconnected compact metric space without isolated points is homeomorphic to the Cantor
space. 
Remark. (a) Thus any non-injective, non-wandering map with POTP has positive topological entropy. (b) We do not know
whether a transitive semi-distal map having POTP should be a minimal equicontinuous map of a Cantor space. We add the
information that there are minimal semi-distal maps having positive topological entropy (cf. [28]). (c) It is known that any
minimal equicontinuous map of the Cantor space is topologically conjugate to an odometer [2].
For transitive systems there is a well-known trichotomy by Akin, Auslander and Berg [3]. This trichotomy reduces to
a neat dichotomy when the underlying space is the Cantor space. The following dichotomy is not explicitly stated in [2],
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odometer. For transitive maps with POTP on inﬁnite compact metric spaces, we obtain a similar dichotomy below.
Theorem 6. Let X be an inﬁnite compact metric space and let f : X → X be a transitive map having POTP. Then M( f ) = X and hence
f is syndetically transitive. Moreover, exactly one of the following must hold:
(i) f is syndetically sensitive, non-minimal and Ent( f ) = X (here h( f ) > 0).
(ii) f is a minimal equicontinuous map of the Cantor space (here h( f ) = 0).
Proof. Recall that the passage from transitivity to syndetical transitivity is already established in Corollary 1. If f is equicon-
tinuous, then h( f ) = 0 and then (ii) must hold by Theorem 5. Next suppose f is not equicontinuous, that is, Sen( f ) = ∅.
Then f cannot be minimal by the characterization of minimal maps having POTP [21]. Also f is syndetically sensitive by
Corollary 1. Now, Sen( f ) ⊂ Ent( f ) by Corollary 5, and so (i) must hold. 
For a zero-entropy map f having POTP, we can say something about (Ω( f ), f |Ω( f )) even if f is not surjective. First we
need a technical lemma. It is known that if (X, f ) is a surjective dynamical system having POTP, then (Ω( f ), f |Ω( f )) also
has POTP (Theorem 3.4.2 of [7]). Below we sketch how to remove the surjectivity assumption from this result.
Lemma 1. Let X be a compact metric space and let f : X → X be a continuous map having POTP. Then, f |Ω( f ) : Ω( f ) → Ω( f ) has
POTP.
Proof. Given  > 0 choose δ > 0 so that every δ-pseudo orbit in X can be (/2)-traced. Deﬁne an equivalence relation ∼δ
on Ω( f ) by saying x ∼δ y iff there are ﬁnite δ-pseudo orbits from x to y and y to x in Ω( f ) (where x ∼δ x by the density
of minimal points). Then following the proof of Theorem 3.4.2 in [7], we conclude that Ω( f ) is a ﬁnite disjoint union
Ω( f ) =⋃mi=1 Ai of equivalence classes where each Ai is clopen in Ω( f ) (we do not need the surjectivity of f : X → X for
this argument). Let α ∈ (0, δ) be such that whenever a,b ∈ Ω( f ) are with d(a,b) < α, then a,b ∈ Ai for some i ∈ {1, . . . ,m}.
We claim that every ﬁnite α-pseudo orbit in Ω( f ) can be -traced by some point of Ω( f ) (clearly, this suﬃces to establish
the lemma).
Observe that if x ∈ Ω( f ), then there is a ﬁnite δ-pseudo orbit from f (x) to x in Ω( f ), and hence each Ai is f -invariant.
Let b0,b1, . . . ,bp be a ﬁnite α-pseudo orbit in Ω( f ) and let i ∈ {1, . . . ,m} be such that b0 ∈ Ai . Since d(b1, f (b0)) < α
and since f (b0) ∈ f (Ai) ⊂ Ai , we must have b1 ∈ Ai . Arguing inductively we get {b0, . . . ,bp} ⊂ Ai . Since Ai is an equiv-
alence class, there is a ﬁnite δ-pseudo orbit c0, c1, . . . , cq in Ω( f ) with c0 = bp and cq = b0. If D = [b0,b1, . . . ,bp−1,
c0, c1, . . . , cq−1], then DDD · · · is an inﬁnite δ-pseudo orbit. Let y ∈ X be a point (/2)-tracing this. Since X is compact,
we may assume ( f (p+q)n j (y))∞j=1 converges to some z ∈ X for some (n j). Then it is not diﬃcult to verify that z ∈ Ω( f ) and
d(bi, f i(z)) /2<  for 0 i  p. 
Remark. In Lemma 1, we cannot replace Ω( f ) by a closed f -invariant subset of Ω( f ). For instance, let (X, f ) be a full-shift
dynamical system, which (is non-wandering and) has POTP by Theorem 2.3.18 of [7], and let (Y , f |Y ) be a subshift that is
weakly mixing but not mixing [18]. Then, (Y , f |Y ) does not have POTP by Theorem 2.
Corollary 6. Let X be a compact metric space and f : X → X be a continuous map. If h( f ) = 0 and f has POTP, then Ω( f ) is totally
disconnected and f |Ω( f ) : Ω( f ) → Ω( f ) is an equicontinuous homeomorphism.
Proof. We may assume Ω( f ) is inﬁnite. If g = f |Ω( f ) , then clearly h(g) = 0, g is non-wandering by Corollary 1, and g
has POTP by Lemma 1. Now, applying Theorem 5 to g , we have that g is an equicontinuous surjection. And then g is a
homeomorphism by Fact-4. 
Corollary 7. Let X be a compact connected metric space and let f : X → X be an equicontinuous map having POTP. Then Ω( f ) = {y}
for a unique ﬁxed point y of f and limn→∞ f n(x) = y for every x ∈ X.
Proof. Clearly f |Ω( f ) is equicontinuous. As observed in the proof above, f |Ω( f ) is non-wandering (hence surjective) and
f |Ω( f ) has POTP. So Ω( f ) is totally disconnected by Theorem 4. On the other hand, Ω( f ) = ⋂∞n=1 f n(X) by equicon-
tinuity [20], and therefore Ω( f ) is also connected. Hence Ω( f ) must be a singleton. The other assertions are easy
consequences. 
7. Some questions
Let (X, f ) be a chain recurrent dynamical system. Deﬁne an equivalence relation on X by saying x ∼ y iff x and y are
chain related, i.e., for every δ > 0, there exist ﬁnite δ-pseudo orbits from x to y and from y to x. Then the equivalence
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the quotient space X˜ is a totally disconnected compact metric space, and the system ( X˜, Identity) is a factor of (X, f ) with
the quotient map π : X → X˜ acting as the factor map (see [1] for the details).
Proposition 1. Let (X, f ) be a chain recurrent (non-wandering) dynamical system having POTP. Then {C ∈ X˜: f |C is transitive} is
dense in X˜ .
Proof. For x ∈ X , let Cx denote the chain component containing x. Since f is non-wandering and has POTP, the set Y =
{x ∈ X: ω( f , x) = Cx} is residual in X as a consequence of Proposition 22 in Chapter 7 of [1]. Clearly f |Cx is transitive for
each x ∈ Y . Moreover, π(Y ) is dense in X˜ since Y is dense in X . 
Questions. Let (X, f ) be a non-wandering dynamical system having POTP and let X˜ be the quotient space of chain compo-
nents of f . (i) Is {C ∈ X˜: M( f |C ) = C} dense in X˜? (ii) Is {C ∈ X˜: f |C has POTP} dense in X˜?
Let (X, f ) be a dynamical system. A point x ∈ X is said to be a regularly recurrent point for f if for every neighborhood
U of x, there is k ∈N such that kN⊂ N f (x,U ). Regularly recurrent points are intimately related to odometers: the restriction
of f to the orbit-closure of a non-periodic, regularly recurrent point is an almost one-to-one extension of an odometer [13],
and an inﬁnite minimal system is an odometer iff every point is regularly recurrent [12].
Note that the notion of a regularly recurrent point lies between that of a periodic point and a minimal point. It is known
that (Theorem 3.4.2 of [7]), the set of periodic points is dense in Ω( f ) if f is a continuous surjection having POTP and if
f |Ω( f ) is c-expansive. We saw in Corollary 1 that the set of minimal points is dense in Ω( f ) if f has POTP. So the following
question is now natural.
Question. Let (X, f ) be a dynamical system having POTP. When can we say that the set of regularly recurrent points is
dense in Ω( f )?
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